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Introduction. Let / be a uniformly continuous function on the closed unit interval [0, 1] . Although the infimum of / can be explicitly constructed, Brouwerian counterexamples preclude a general procedure for constructing a point at which this infimum is achieved. These counterexamples do not involve constructing a uniformly continuous function that is everywhere different from its infimum; in fact it is a theorem in intuitionistic mathematics, but not in Bishop's constructive mathematics, that an everywhere positive function has a positive infimum [5; Theorem 5, p. 69] .
If one operates in the context of recursive function theory, and demands only pointwise continuity, then a famous construction of Specker [12] easily yields a continuous function / which is different from its infimum at every (recursive) point in [0, 1] . The question whether an everywhere positive uniformly continuous function on [0,1] has a positive infimum was raised by Bishop [3; p. 151] , and, in the context of recursive analysis, by Grzegorczyk [4] .
A construction, from the point of view of recursive analysis, of a (recursively) uniformly continuous function on [0, 1] that is different from its infimum at every recursive point, was outlined by Kreisel [8] in a review of another paper. Aberth [1; Theorem 7.12] constructed such a function from the point of view of computable analysis: roughly Russian constructivism without quite the philosophical commitment-it may be identified, in a pinch, with recursive analysis. Zaslavsky [14; Theorem 5.5] constructed such a function in the context of Russian constructivism and 333 Specker [13] gave a construction from the point of view of recursive function theory. Beeson gives a construction in his forthcoming book [2] on the metamathematics of constructive mathematics. Kreisel uses a predicate of Kleene which can be found in [7; Lemma 9.8 ] modulo a reference to [6] , which gives an unbounded branch-bounded fan that he uses to construct his function. Aberth's construction relies on Markov's principle in the form that two real numbers are distinct (apart) if they cannot be equal. Lacombe [9] announced the existence of such a function but gave no construction.
In this paper we give a complete, self-contained, construction of a positive uniformly continuous function on [0,1] with infimum zero (Corollary 2.5), without invoking Markov's principle, in the context of Bishop's constructive mathematics, assuming a consequence of Church's thesis. To the extent that Church's thesis does not admit a constructive refutation, this example precludes a constructive proof that a positive uniformly continuous function on [0,1] has a positive infimum. Other similarly limiting examples, based on this one, are given in §3. We also show (Theorem 2.4), without assuming anything, that the existence of such a function is equivalent to the existence of an unbounded branch-bounded fan, that is, a counterexample to Brouwer's fan theorem. Conversely we show that the intuitionistically valid assertion that every branch-bounded fan is bounded is equivalent to the assertion that every positive, uniformly continuous function on [0,1] has a positive infimum (Corollary 2.6).
The consequence of Church's thesis that we shall employ is the following:
CPF
The set of partial functions is countable.
For a detailed exposition of CPF see [11] ; we shall briefly indicate what it means. Let N denote the set of positive integers. By a partial function algorithm we mean a function A from N X N to N U { ±} such that if A(x, n) φ ±, then A(x, n + 1) = A(x 9 n). The partial function / associated with A is defined on dom / = {x G N; A(x, n) ψ ± for some ή) by setting/(JC) = A(x, n) for any n such that A(x,n)Φ±. One should think of A(x,n) as being the result of running the algorithm A for n steps on the input x, with ± standing for no output. 1. Binary fans. The complete binary fan C is the set of all finite sequences a = (a }9 α 2 ,...,#") wherea xf = ±1 and n E N. We say that a is a node, that n is the length of a, and we write n =\a\ Ai\a\> m 9 then the restriction of a to m is the sequence a,,fl 2 ,...,a m which is denoted by a(m). A branch a of C is an infinite sequence α l9 # 2 ,... the restriction of a branch is defined in the same way as the restriction of a node.
A binary fan F is a subset of C that is closed under restriction. A fan F is branch-bounded if each branch of C has a restriction that is not in F. A fan F is bounded if there is an integer m E JV such that no element of F has length exceeding ra. From a classical point of view, every branch-bounded fan is bounded (Kόnig's lemma). From an intuitionistic point of view this follows from Brouwer's celebrated fan theorem [5; 3.4.4] . From a recursive function theoretic point of view this is false [7; Lemma 9.8] . We shall construct, in the context of Bishop's constructive mathematics with CPF, an unbounded, branch-bounded fan.
A subset B of the complete binary fan C is a bar if every branch of C has a restriction in B. This notion is central to the intuitionistic development of Brouwer's fan theorem and continuity principle [5; 3.4] . In the second edition of [5] bars were not required to be detachable, while in the third edition they are; we shall adhere to the former usage. To every subset B of C there corresponds a fan F consisting of those nodes of C which have no restrictions in B. If B is a bar, then F is branch-bounded. We wish to construct a detachable branch-bounded fan F containing nodes of arbitrary length. To do this we construct a certain detachable bar. First we construct a bar that need not be detachable, but whose associated fan cannot be bounded. The existence of a detachable branch-bounded fan containing nodes of arbitrary length is the essential content of [7; Lemma 9.8] which relies on a couple of predicates from [6; p. 308] . As that part of recursive function theory necessary for the proof of [7; Lemma 9.8] seems to be free of any invocation of Markov's principle, and Church's thesis only enters in the form of CPF, this provides an alternative proof of Theorem 1.3.
Geometric realizations of fans.
With each node a of length n of the complete binary fan C we associate a point (x a , y a ) in the plane by setting *a = \ + 2 ^~l
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and if F is a subset of C we set P(F) = {(x a , y a ): a E F}. Note that every point of P(C) is isolated, so any finite subset of P(C) is detachable. We set x a{0) = y a(0) = 1/2.
THEOREM 2A. A binary fan F is detachable {from C) if and only if P(F) is totally bounded.
Proof. If F is detachable, then F n = {a £ F: \a\<n} is finite and P(F n ) is a 3""-approximation to P(F). Conversely suppose P(F) is totally bounded. Given a node a in C construct a finite 3 ~| Λ|~ ^approximation JSΓ to P(F). As the distance from P(a) to P(C\a) is S"" Proof. Construct a such that x a{n -λ) < x whenever a n = 1 and x a{n -λ) > x -3~γ5 whenever a n = -1. Suppose F is a fan and α(m) $ F. If I* -^α ( «-i)|< 3~"/4 for some « < m, then (x,0) is bounded away from P(C) by 3~V4. Otherwise for each «<wwe have | JC -x β(π _ 1} |> 3" n /5, so x α(n-i) < * if α π = 1, and Λ; β(w _ υ > x if a n = -1. As ύf(m) $F/ύb is a node of F with 161> w, then fe M φ a n for some n<m. Thus | x 6 Proof. Let F be a detachable fan. Then P(F) is totally bounded (Theorem 2.1) so we can compute the distance/(x) from (x,0) to P(F). Clearly / is a nonnegative, uniformly continuous function. Let JC be a real number and a the branch constructed in Lemma 2.3. If F is branch-bounded, we can find m such that a(m) $ F, sof(x) > 3~m/4 by Lemma 2.3; if F is bounded, then we can find such m independent of x 9 so 0 < inf /. Conversely if / is positive and a is a branch, let x = lim m^OQ a(m). As f(x) > 0 we can find m such that a(m) & F; and if 0 < inf/we can choose m independent of a.
Conversely suppose / is a nonnegative uniformly continuous function on [0, 1] . Let θ be a rational number strictly between \ and 1. Define the map λ from the complete binary fan C to the real numbers by setting λ(a) = Σ' fLi a ι θ i~λ . Then λ maps C onto a dense subset of the closed interval with endpoints ±1/(1 -θ) (compare [5; 3.3.3] ). By a change of variable we may assume the given function/is defined on this interval. As / is uniformly continuous we can find a function ω from the positive rationals to the positive rationals such that \f(x) -f(y)\< ω(δ) whenever \x -y\< δ, and ω(δ) goes to 0 with δ. Let B = {a E C: ω(θ {a{ /(\ -θ)) <f(\(a))}. Since the relation r λ < r 2 for real numbers is of the form 3n P(n) for a decidable predicate P, the set B is countable. Let B f be the detachable set associated with B by Lemma 1.2, and let F-{a E C: a(m) £ B' for all m ^|α|}. If / is everywhere positive, then B, and therefore B\ is a bar, so F is branch-bounded; and if 0 < inf/, then F is bounded. Conversely if F is branch-bounded (respectively, bounded), then / is positive (respectively, bounded away from 0) for if the node a is a restriction of the node b, then/(λ (6) One consequence of Brouwer's fan theorem [5; 3.4.4] is that every branch-bounded fan is bounded. Given this we can show that every uniformly continuous positive function on [0,1] has a positive infimum (compare [5; 3.4.5, Theorem 4] where the full force of the fan theorem is invoked, so the function need not be assumed continuous as it is automatically uniformly continuous). 
